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Abstract

In this report, we review the essential ideas behind the BCFW
recursion relations and the definition of the amplituhedron. We also
briefly comment on how locality and unitarity emaerge as natural
consequences of the manner in which the amplituhedron is defined.

1 Introduction

The amplituhedron [1] is the culmination of a long chain of developments
that began with Britto, Cachazo, Feng and Witten’s prescription for calcu-
lating tree-level scattering amplitudes in a planar theory via certain recursion
relations that express the amplitude for a process involving a certain number
of external momenta in terms of amplitudes for processes involving a smaller
number of external momenta [2]. This serves as an alternative to Feynman
diagrams which, though a vast improvement over LSZ reductions and Wick
rotations, leave much to be desired in terms of computational efficiency, ow-
ing to the fact that the number of diagrams factorially increase with the
number of external momenta, even at the tree and planar level.

Of course, notions like trees and planarity owe their nomenclature to the
language of Feynman diagrams, but as such they are independent of it. The
amplitude of an SU(N) Yang–Mills process with coupling g is an analytic
function of g and 1/N and can be expanded as a series in them. Being tree-
level means that we choose terms of order at most two less than the number
of external momenta in g while being planar means we choose the leading
order term in 1/N . As it so happens, interesting nontrivialities emerge at the
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tree-level in the planar sector of N = 4 super Yang–Mills theory (which ow-
ing to its symmetries, is the ’simplest field theory’ [3]) and this is what we’ll
be exclusively concerning ourselves with in the rest of this report. Moreover,
for the sake of some generality, we shall heavily deemphasise the supersym-
metry aspects of the theory and talk in a purely bosonic language.

Now, what the BCFW recursions demonstrate is that even though the
Feynman diagram approach may typically result in thousands of terms all
of which are local and unitary by design, they combine in dramatic ways to
give simple answers that have a lot of symmetry. Additionally, if we were
to forget that BCFW recursion relations arise from Feynman diagrams, it is
not readily evident why the different ways of carrying out the recursion are
equivalent, nor are the individual terms that arise local and unitarity. These
observations are indicative of the plausibility that there are deeper principles
at work which are completely obscured by our obsession with locality and
unitarity, a situation somewhat analogous to that at the turn of the 20th

century when our obsession with classical determinism proved to be an im-
pediment in our understanding of quantum phenomena.

The appropriate way to proceed thus is to examine formalisms in which
locality and unitarity are no longer take the centrestage but are derived no-
tions. Ideally speaking, we would like to have a geometric object living in a
space that has nothing to do with spacetime and have the various ways of
carrying out the recursion arise as the various ways to triangulate (or more
accurately, ‘cellulate’) this object. The tree-level planar amplitude would
then be given by the integral of a ‘volume’ form over the ‘inside’ of such an
object. It is this fantasy that the ‘amplituhedron’ fulfils.

The report shall be structured as follows. In Section 2, we show how
the pole structure of the tree-level amplitude may be exploited in the form
of recursion relations, a special case of which is the BCFW approach. In
Section 3, we begin with the notion of the inside of a triangle and slowly
generalise it to the tree-level amplituhedron. Finally in Section 4, we add a
few brief remarks about how features such as locality, unitarity and Yangian
symmetry are encoded in the tree-level amplituhedron and very briefly touch
upon even further generalisations.
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2 The BCFW Recursion Relations

The BCFW recursion relations are a very efficient way of calculating tree-
level planar amplitudes in a theory with only massless particles. The essential
idea is this. The amplitude depends on say n (ingoing) external momenta
pi, all of which are massless and the sum of which vanishes (momentum con-
servation). Thus, if we were to introduce n new vectors ri so that their sum
vanishes and the satisfy ri ·rj = 0 and pi ·ri = 0 (no sum) for each i and j, the
n shifted momenta p̂i := pi + zri, where z ∈ C, satisfy the same properties
as the original momenta, namely they are all massless and they sum to zero.

Now given a subset I of S = {1, 2, 3, . . . , n} that contains at least two
elents and at most n − 2 elements (thus we must nnecessarily have n ≤ 4
to be able to implement the BCFW recursion; the case n = 3 is fixed by
conformal symmetries), we define PI :=

∑
i∈I pi, and RI and P̂I similarly.

Additionally we also let

zI := − P 2
I

2PI ·RI

.

It is straightforward to check that

P̂ 2
I = −P

2
I

zI
(z − zI).

At tree-level, the analytic structure of the amplitude with the shifted mo-
menta, Â(z), is pretty simple and consists only of poles arising solely due
to shifted propagators of the form 1/P̂ 2

I . The poles are necessarily simple
because the same propagator cannot be repeated within a single term for
generic momenta. Thus, all we have are simple poles at z = zI and one
possibly at infinity. Since for generic momenta, we have PI 6= 0, it follows
that the pole structure is retained in the function Â(z)/z except for a new
simple pole at z = 0.

The unshifted amplitude A := Â(0) is the residue of Â(z)/z at z = 0.
Thus, since the sum of residues at all (simple) poles including the one at
infinity is zero, we have

A = −
∑
I

ReszI
Â(z)

z
− Res∞

Â(z)

z
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where the sum is over all possible factorisation channels I. Note that not
all subsets of S occur as factorisation channels. Since we are working within
the planar sector, we may cyclically order the external momenta. Then, only
cyclically contiguous subsets of S may occur. Moreover, I and S r I are id-
netified as the same factorisation channel (since sum of all external momenta
is zero).

All that now remains is to calculate the residues at z = zI and z = ∞.
The residue at infinity is typically taken to be zero by a judicious choice of
ri (indeed, the recursion relations are said to fail when it doesn’t) and the
residues at zI are just given by

ReszI
Â(z)

z
= lim

z→zI

Â(z)

z
(z − zI).

The terms corresponding to processes in which the propagator 1/P̂ 2
I is absent

do not contribute due to the presence of the z − zI factor and the definition
of zI ensures that the residue at zI factors as

ReszI
Â(z)

z
= ÂL(zI)

1

P 2
I

ÂR(zI)

where ÂL(zI) and ÂR(zI) are subamplitudes with |I| + 1 and |S r I| + 1
shifted external momenta evaluated at z = zI respectively. Since we have
2 ≤ |I| ≤ n − 2, the subamplitudes necessarily have a smaller number of
external momenta than the full amplitude. This is the basis of any recursion
relation on the amplitudes.

The BCFW recursion relations go one step further and actually provide
a prescription for constructing the ri. The idea is to single out two momenta
pi and pj and deform only them. Since pi is massless, the matrix formed by
pαα̇i = pµi σ

αα̇
µ has vanishing determinant. This means that we can write pi as

pαα̇i = λαi λ̃
α̇
i . Likewise for pj which may be written as pαα̇j = λαj λ̃

α̇
j . Note that

there is some redundancy in this description as λαi 7→ tλαi and λ̃α̇i 7→ t−1λ̃α̇i
leaves the momentum pi unchanged. This is precisely the little group scaling
(stipulating pi to be real means that |t| = 1; this gives us the little group
U(1) = SO(2)).
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The shift vectors ri and rj may now be given by rαα̇i = −rαα̇j = λαj λ̃
α̇
i .

That they satisfy all the required properties is trivial to verify. Moreover,
it may be noted that propagators corresponding to subsets I which contain
both i and j, or equivalently, neither, do not get shifted at all. This makes the
BCFW approach even more efficient as there are fewer residues to consider.

3 The Tree-level Amplituhedron

We begin by considering a triangle formed by points Z1, Z2, Z3 let Y be a
point inside it. All such points Y may be uniquely specified by a triple of
positive reals (c1, c2, c3) so that

Y =
c1Z1 + c2Z2 + c3Z3

c1 + c2 + c3
.

We see that the natural space the ci inhabit is the projective space P2 =
M(1, 3)/GL(1) wherein the 3-tuple C := (c1, c2, c3)/GL(1) represents a line
in 3-dimensional space and Y may be more simply expressed as Y = C ·Z =∑

i ciZi. The amplituhedron is essentially a generalisation of this idea.

The most obvious generalisation would be going from triangles to n-
dimensional simplices, so that C would be an n-tuple (c1, . . . , cn)/GL(1) and
there would be n points Zi. Another generalisation would be to go from lines
in an n-dimensional space to k-dimensional subspaces in the n-dimensional
space. This could be obtained by choosing k linearly independent (row) vec-
tors in n-dimensional space and quotienting out the canonical GL(k) action
that takes a set of k vectors spanning a k-dimensional subspace to another
such set spanning the same subspace. So, the ci now become columns vectors
of dimension k and C is an element of the Grassmannian G(k, n). However,
we still need an analogue of the positivity condition for these columns that
is GL(k) invariant. This may be achieved by first ordering the columns ci
and then demanding that all minors 〈ca1 . . . cak〉 > 0 for a1 < · · · < ak. This
space is referred to as the positive Grassmannian.

The third, and possibly the most important, generalisation is akin to
going from triangles to polygons. While talking about the ‘inside’ of three
(cyclically ordered) points makes sense, there is no canonical notion of an
inside for arbitrary collections of n points. The only way to make this work
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would be to stipulate that the points form a convex polygon. In the language
of positivity this would mean that all the (ordered) minors 〈Za1Za2Za3〉 > 0
for a1 < a2 < a3. The rationale for this is simple. Stipulating that all the
minors to be positive simply means that every ordered subset of three points
forms a triangle with the correct orientation. This is equivalent to the con-
dition of convexity.

It is now easy to see what the most general definition of the tree-level
amplituhedron ought to be. We fix a (k+m)×n matrix Z (with n ≥ k+m)
so that all the ordered minors are positive. As we vary C over all points in
the positive Grassmannian G+(k, n), Y = C · Z = CZT sweeps out a region
in the Grassmanian G(k, k + m). This region, equipped with a canonical
‘volume’ form with logarithmic singularities on the boundary, is called the
tree-level amplituhedron An,k,m.

The physical interpretations of these parameters are as follows: n is the
number of external momenta, k is derived from the helicity structure of the
said momenta (absolute value of difference between the number of momenta
with positive helicity and the number of momenta with negative helicity), and
m is always 4 for amplituhedra of physical relevance. As for the requirement
that k + m ≤ n, this essentially follows from the fact that processes with
external momenta all of the same helicity or all but one of the same hellicity
vanish. The maximal helicity violating (MHV) processes occur when all
but two external momenta are of the same helicity. As for the Zi, they
are momentum twistor representations of the external momenta, and hence
contain all the kinematical data there is.

4 Concluding Remarks

The amplitude is obtained by integrating the canonical ‘volume’ form over
the interior of the amplituhedron. Since, its singularities lie on the boundary
of the amplituhedron, it follows that all the poles in the shifted amplitude
will be associated with the boundaries of the amplituhedron in a natural way.
So, it is of considerable interest to come up with a genral way of identifying
such faces.

We first consider the case k = 1 amd m = 4. We consider planes described
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by four points Zi, Zj, Zu, Zv subject to the ordering i < j < u < v. Note that
if we have a < i then the determinant 〈ZaZiZjZuZv〉 > 0 by the positivity
condition. Thus if there was a point Y ‘inside’ the amplituhedron such that
〈Y ZiZjZuZv〉 < 0, it would mean that Aa and Y lie on opposite sides of
the plane (ZiZjZuZv), so it cannot be a boundary. Thus, we must have
〈Y ZiZjZuZv〉 ≥ 0 all Y in the amplituhedron. In particular, this means that
〈ZaZiZjZuZv〉 > 0 for all Za in the amplituhedron. This turns out to be a
sufficient condition as we have

〈Y ZiZjZuZv〉 =
∑
a

ca〈ZaZiZjZuZv〉 > 0

owing to the positivity of ca. It may be easily seen that planes of the form
(ZiZi+1ZuZu+1) satisfy the above and in fact are the only ones to satisfy the
above.

The generalisation to arbitrary k is straightforward provided we respect
the positivity of C, and is given by

〈Y1 . . . YkZiZi+1ZuZu+1〉 =
∑

a1<···<ak

〈ca1 . . . cak〉〈Za1 . . . ZakZiZi+1ZuZu+1〉 > 0.

As can be seen above, the boundaries of the amplituhedron arise on the plane
(ZiZi+1ZuZu+1). At the same time, let us note that the propagators in a pla-
nar theory may be described by partitions of the cyclically ordered external
momenta into two disjoint cyclically continguous subsets. Say, one subset
contains all momenta from i + 1 to u and the other contains all momenta
from u+ 1 to i. The propagator can then be identified with the combination
(ZiZi+1ZuZu+1), and we see that, roughly speaking, there is a one-to-one cor-
respondence between the peopagators and 4-planes on which the boundaries
lie. The exact details of this correspondence follow from the way momentum
twistors are defined and will be omitted in this report.

In addition to the pole structure, factorisation properties at the poles can
also be retrieved from the requirement of positivity. A rough argument is as
follows. Say, that a k-plane (Y1 . . . Yk) on the boundary is incident on the
plane (ZiZi+1ZuZu+1). One of the basis vectors may be taken to lie on the
plane which we assume without loss of generality to be Y1. Now if Y1 is a
linear combination of (Zi, Zi+1, Zu, Zu+1), it would mean that only the entries
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corresponding to i, i+ 1, u, u+ 1 in the top row of the matrix C are nonzero.
Positivity of minors forces the matrix to effectively split into two nonzero
submatrices corresponding to amplituhedra describing the subamplitudes.

We know that locality is encoded into the pole structure and unitarity is
encoded into the behaviour at the poles (this is just a version of the opti-
cal theorem). Thus it follows that locality and unitarity both emerge from
the geometric properties of the amplituhedron! In addition, the infinite-
dimensional Yangian symmetry of N = 4 super Yang–Mills which is com-
pletely obscured by Feynman diagrams turns out to be the ‘positive’ diffeo-
morphisms that send points within the amplituhedron to one another.

Though it is certainly exhilirating to have a formalism for handling scat-
tering amplitudes that does way with the notion of spacetime, one is bound
to wonder whether the results of this very specific order (namely tree-level)
of a very specific sector (namely planar) of a very specific theory (namely
N = 4 super Yang–Mills) can be generalised at all. Generalisation to higher
loop orders has already been discussed in [1] and involves embedding the
tree-level amplituhedron in a higher dimensional space and adding lines to
it; generalisations to planar sectors on nonsupersymmetric theories have been
hinted at by Nima Arkani-Hamed in his lectures on the topic and seem to
involve more complicated disjoint regions that somehow caprure certain as-
pects of RG flows; generalisations to nonplanar sectors however continue to
remain elusive at the time of writing this report.

References

[1] Nima Arkani-Hamed, Jaroslav Trnka, ‘The Amplituhedron’, hep-
th/1312.2007 (2013)
Nima Arkani-Hamed, Jaroslav Trnka, ‘Into the Amplituhedron’, hep-
th/1312.7878 (2013)

[2] Ruth Britto, Freddy Cachazo, Bo Feng, Edward Witten, ‘Direct Proof
of Tree-Level Recursion Relation in Yang-Mills Theory’. Physical Review
Letters 94 (18), hep-th/0501052 (2005)
Nima Arkani-Hamed, Jacob L. Bourjaily, Freddy Cachazo, Alexander B.
Goncharov, Alexander Postnikov, Jaroslav Trnka, ‘Scattering Amplitudes

8



and the Positive Grassmannian’, hep-th/1212.5605 (2012)
Henriette Elvang, Yu-tin Huang, ‘Scattering Amplitudes’, hep-
th/1308.1697 (2013)

[3] Nima Arkani-Hamed, Freddy Cachazo, Jared Kaplan, ‘What is the Sim-
plest Quantum Field Theory?’, hep-th/0808.1446 (2008)

9


