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Abstract

In the following note, we review some of the basic notions and
structures in differential geometry and algebraic topology that go into
the formulation of the BRST complex and BRST cohomology. We
shall also very briefly touch upon the physical significance of such a
construction.

1 Introduction

In the wake of Faddeev and Popov’s prescription [1] for renormalising gauge
theories by fixing the gauge in a covariant way and modifying the measure
on the space of field configurations in a way that could be naturally seen to
arise from certain unphysical fields referred to as ghosts and antighosts (which
absorb the divergences plaguing the original theory), it was noted by Becchi,
Rouet, and Stora [2], and independently, Tyutin [3], that while the gauge
symmetry is no longer manifest due to the choice of a specific gauge, there is
a hidden symmetry underlying the ghosts/antighosts and the physical fields.
Such a ‘BRST’ symmetry transformation is parametrised by a parameter θ
that anticommutes with the ghost/antighost and fermionic matter fields. In
other words, θ is a Grassmann variable and, consequently, the BRST charge
operator Q that implements the BRST symmetry transformation on fields
is nilpotent. Additionally, we note that the BRST charge operator may be
written in terms of a basis of gauge symmetry generators ei, ghosts ci and
antighosts bi as

Q = ciei −
1

2
fkijc

icjbk (1)
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where fkij are the structure constants of the gauge group with respect to the
chosen basis, given by [ei, ej] = fkijek.

This is analogous to the exterior derivative d in differential geometry,
which too is nilpotent — a relic of the famous observation by Wheeler,
‘Boundary of a boundary is zero.’ The nilpotency of d, let us recall, turns
the graded exterior algebra of differential forms Λ(T ?M) on a smooth N–
dimensional manifold M into a ‘cochain complex’ known as the de Rham
complex.

0
d−→ Λ0(T ?M)

d−→ Λ1(T ?M)
d−→ · · · d−→ ΛN(T ?M)

d−→ 0

The fact that d2 = 0 identically, ensures that the image of any of the maps in
the above complex is contained as a subspace in the kernel of the succeeding
map. Thus it makes sense to quotient out the kernel of a map with the
image of the preceding map and define the p–th cohomology group to be the
quotient

Hp(M) =
ker d : Λp(T ?M) −→ Λp+1(T ?M)

im d : Λp−1(T ?M) −→ Λp(T ?M)

These cohomology groups capture essential information about the topology
of the manifold M. In the same vein, we could interpret the BRST charge
operator as giving rise to a ‘BRST complex’ and a corresponding ‘BRST co-
homology’ on representations of the Lie algebra of the gauge group in ques-
tion (this may be identified with the Hilbert space of states in the quantised
theory). Indeed, in this note, we shall be looking at some of the basic math-
ematical ingredients that make such a geometric/topological interpretation
of BRST quantisation possible [4].

2 The Chevalley–Eilenberg complex

As remarked before, a Hilbert space of states V may be seen as carrying
a (unitary) representation of a symmetry (Lie) group G. The conjugation
automorphisms ϕg : G → G, defined for all g ∈ G as h 7→ ghg−1, map the
identity to identity, and thus induce a pushforward on the tangent space at
identity to itself. Thus, any unitary representation of a Lie group induces
a unitary representation on its Lie algebra g, whereby an element X ∈ g is
mapped via a (C–linear) structure map % to a (C–linear) endomorphism on
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V . The structure map satisfies the following condition for all X, Y ∈ g

%(X)%(Y )− %(Y )%(X) = %([X, Y ])

Though the Lie bracket is not associative, the Lie algebra may be embedded
in an associative algebra. The ‘smallest’ such algebra is unique upto isomor-
phism and is referred to as the universal enveloping algebra U(g) of the Lie
algebra g. A representation may then be regarded as a module, with the
ground ring identified with U(g). It is for this reason that representations of
g shall often be referred to as g–modules.

To devise a nilpotent coboundary operator d for a g–module V , we take
as our springboard the definition of the exterior derivative d on the space of
p–forms.

dω(X0, X1, . . . Xp) =
∑
0≤i≤p

(−1)iXi ω(X0, . . . X̂i, . . . Xp)

+
∑

0≤i<j≤p

(−1)i+jω([Xi, Xj], X0, . . . X̂i, . . . X̂j, . . . Xp)

Here, the hat denotes omission and Xf denotes the directional derivative
of the smooth function f along the vector X. The vector fields, which are
precisely the first order derivations, thus correspond to endomorphisms of
the Diff(M)–module C∞(M), which act as f 7→ Xf .

The general situation is now straightforward enough to figure out. We
construct a cochain complex consisting of the spaces Cp(g;V ) := HomC(Λp(g), V ) ∼=
Λp(g?)⊗C V . If ω denotes an alternating C–linear map from p copies of g to
the module V (in other words, it is an element of Λp(g?)⊗C V ), then

dω(X0, X1, . . . Xp) =
∑
0≤i≤p

(−1)i%(Xi)ω(X0, . . . X̂i, . . . Xp)

+
∑

0≤i<j≤p

(−1)i+jω([Xi, Xj], X0, . . . X̂i, . . . X̂j, . . . Xp)

(2)

It is trivial to verify that d2 = 0 indeed — the cochain complex we obtain as
a result

0
d−→ C0(g;V )

d−→ C1(g;V )
d−→ · · · d−→ Cdim g(g;V )

d−→ 0 (3)
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is referred to as the Chevalley–Eilenberg complex, and the cohomology as-
sociated with it is called the Lie algebra cohomology for the representation
(g;V ). If we were choose a basis ei for g and a dual basis αi for g?, we see
that (2) can be recast as

d = ε(αi)%(ei)−
1

2
ε(αi)ε(αj)ι([ei, ej])

Here, ε and ι denote the exterior and interior products on (V –valued) forms
respectively

ε(α)ω = α ∧ ω
ι(X)ω = α(X, . . .)

If we abstract out %(ei) as just ei and identify ε(αi) and ι(ei) as the ghost
and antighost fields ci and bi, we immediately retrieve the expression (1) for
the BRST charge operator Q.

3 The Invariants functor

Even though we have managed to obtain the BRST charge operator from
purely differential geometric considerations, there is a very important issue
that we have sidestepped. We have made no use of the fact that g is the Lie
algebra of a gauge group; in other words, we haven’t properly identified the
space of physical states. The idea is that under gauge transformations, all
physical states must remain unchanged, since the gauge degrees of freedom
are fictitious. So, the endomorphism %(X), where X ∈ g, should simply en-
tail multiplication by a complex number that is the same across all physical
states. This is because c|ψ〉 is regarded to be the same physical state as |ψ〉
in quantum mechanics. The complex number c has to be the same across
all physical states because C–linear superpositions of physical states are also
physical states. To rephrase what we have been saying here, the space of
physical states is precisely the submodule V g, the space of elements in V
that are invariant under the action of g in the sense discussed above.

Identifying the space V g and its Lie algebra cohomology is not an easy
task in general. Fortunately, there is a way of going about this by working
with just the full space V . We consider g–modules to be the objects of a
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category ModulesU(g). We would like its morphisms φ to be defined in a way
such that the hom–set between any pair of objects V1 and V2 (with structure
maps %1 : g→ EndC(V1) and %2 : g→ EndC(V2)) has not only the structure
of a vector space over C but also that of a module over U(g). To ensure this,
all we have to stipulate is that the following diagram commutes for all X ∈ g

V1
φ //

%1(X)
��

V2

%2(X)
��

V1
φ // V2

It then makes sense to write the relevant hom–set as HomU(g)(V1, V2).

Let us observe what happens when we take V1 to be the trivial repre-
sentation C and V2 to be V , whose g–invariant subspace V g we’re interested
in. We also let φv : C → V be a map such that φv(1) = v ∈ V . Ow-
ing to the C–linearity of the maps %1(X) and φv, it is enough to specify
what 1 gets mapped to to fix them. For every X ∈ g, we have a complex
number c = %1(X)(1), such that %(X)(v) := %2(X)(v) = %2(X) ◦ φv(1) =
φv ◦ %1(X)(1) = c φv(1) = c v. Thus the space of all such maps φv, i.e.
HomU(g)(C, V ), may be identified with V g.

There is thus a hom–functor (we shall call this Invariants, following Woit
[6]) that assigns to each object V in ModulesU(g), an object Invariants(V ) :=
HomU(g)(C, V ) ∼= V g in ModulesC ⊂ ModulesU(g), and to each morphism
φ : V1 → V2, a morphism Invariants(φ) : HomU(g)(C, V1) → HomU(g)(C, V2),
given by $ 7→ φ ◦ $ for each $ in HomU(g)(C, V1). It is especially evident
from the very definition of a hom–functor, that if φ is a zero map (one whose
image consists only of zero), then so is Invariants(φ), in the sense that the
zero map is the zero of HomU(g)(C, V ).

What this means is that if we were to let the Invariants functor act on
the Chevalley–Eilenberg complex (3) in an appropriate manner (we leave
the Λp(g?) in the tensor product Λp(g?) ⊗C V untouched), the map d̃ :=
Invariants(d) would be nilpotent as well. The resulting cochain complex

0
d̃−→ C̃0(g;V g)

d̃−→ C̃1(g;V g)
d̃−→ · · · d̃−→ C̃dim g(g;V g)

d̃−→ 0

is basically the BRST complex, whose associated cohomology is the BRST
cohomology.
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