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Abstract

In the following term paper, we review the work of Pekola et al and
examine how the effect of temperature on the degree to which Coulomb
blockade occurs in a junction array may be exploited to develop a new
kind of primary thermometric device, referred to as a Coulomb blockade
thermometer (CBT).

1 Introduction

Thermometers may be broadly classified into two types — primary, and sec-
ondary. Thermometers of the former type are ‘universal’ in the sense that
they can be operated without any knowledge of the material specifications of
its components. For instance, a primary thermometer might make use of gas
laws, Nyquist noise, velocity of propagation of sound waves, heat exchange in
reversible processes or blackbody radiation spectra to determine temperature,
which can actually be defined in terms of any of the above. By contrast, sec-
ondary thermometers require a priori knowledge of quantities such as thermal
expansivities, superconducting transition temperatures and triple points, which
have to be determined using primary thermometers. Needless to say, primary
thermometers are more accurate as they don’t need to be calibrated against
anything else. However, secondary thermometers, such as the mercury bulb
thermometer, are relatively simpler and more inexpensive to build.

Coulomb blockade thermometers (CBTs) are a kind of primary thermome-
ters that represent a happy marriage between the accuracy associated with a
primary thermometer and the ease of construction associated with a secondary
thermometer. The idea is that for a tunnel junction between electrodes with
judiciously chosen physical dimensions (so that the charging energy Ec is signif-
icantly smaller than the thermal energy kBT ) the tunneling current exhibits a
temperature dependence that has certain universal features that make it useful
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for the determination of temperature. In this term paper, we shall explore the
theoretical underpinnings that make this possible.

2 The Coulomb blockade

We begin by briefly reviewing the essential ideas behind a Coulomb blockade.
As far as classical electrodynamics is concerned, a series of (normal metal) elec-
trodes separated by insulating dielectrics, or tunnel junctions, would not be
expected to admit any current at all. But when quantum mechanical effects
are taken into account, we note that as long as the potential barrier is finite,
even if it higher than the energy of the electron, there is nonzero probability
of the electron ‘tunneling’ through. In the absence of any electrical bias and in
steady rate, the tunneling rates in opposite directions at any junction balance
each other out leading to no net current. This is however not the case when a
bias is applied, and as it turns out, the junction exhibits ohmic characteristics
when the bias voltage is large, with the tunnel conductance GT exponentially
falling off as a function of the width of the potential barrier.

Interesting departures from the above start showing up at low bias voltages.
The reason is that electrical charge is discrete and is thus transferred in discrete
units. Thus, when a single electron tunnels across the junction, the increase in
potential of the recipient electrode owing to its finite capacitance prevents the
transfer of a second electron (the probability of cotunneling events, in which
multiple electrons simultaneously tunnel through, is assumed to be negligible)
unless the externally applied bias is high enough to overcome this Coulombic
repulsion. As a result, there is a sharp drop in the differential conductance G =
∂I/∂V around zero bias voltage. This is referred to as the Coulomb blockade
and is illustrated in the plot between the ‘normalised’ differential conductance
G/GT and bias voltage V in Figure 1 [1].

3 The effect of temperature

Three critical assumptions were made in order to obtain the plot shown in Figure
1, which are as follows:

1. The bias voltage is less than or comparable to the charging energy. This
is already quite evident.

2. The tunneling resistance is greater than or comparable to the resistance
quantum h/e2 ≈ 25.8 kΩ. This is to ensure that quantum fluctuations
remain suppressed.

3. The charging energy is greater than or comparable to the thermal energy
kBT . This is to ensure thermal fluctuations remain suppressed.
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Figure 1: Plot of G/GT versus V .

In this section, we shall relax the last assumption and see how temperature
affects the plot in Figure 1. Following [2], we consider a double junction ar-
ray in idealised symmetric configuration (see Figure 2). The resistance and
capacitance of the junctions are taken to be RT and C respectively while the
ground capacitance of the ‘island’ which is connected via the junctions to an
external bias is taken to be C0. The total capacitance of the island is therefore
CΣ = 2C +C0 and the energy required to transfer one unit of electronic charge
onto it is Ec = e2/2CΣ. The potential of the island when n extra electrons have
been transferred to it is given by

φ(n) =
ne

CΣ
(1)

Furthermore, if we let φ1 (respectively, φ′1) and φ2 (respectively, φ′2) be the
potentials of the electrodes from and to which the electron tunnels before (re-
spectively, after) a tunneling event, then the change in the free energy may be
written as

−∆F =
e

2
[(φ′2 − φ′1)− (φ1 − φ2)] (2)

The tunneling rate for the event is then given by

Γ =
1

e2RT

∆F

1− exp(−∆F/kBT )
(3)

Now, the ends of the double junction are maintained at constant potentials
+V/2 and −V/2, so the only thing left variable is the potential of the island,
which depends on the number of electrons n, which can be negative as well (this
physically means that there is an electron deficit). Hence, ∆F depends on n, as
does Γ. So, to find the current in the i–th junction, i = 1, 2, we have to take a
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Figure 2: Equivalent circuit for a double junction array.

probability weighted sum of the tunneling rates over all values of n.

Ii = e
∑
n∈Z

σ(n)[Γ+
i (n)− Γ−i (n)] (4)

Of course, Γ+ denotes tunneling in the direction of the electronic current, while
Γ− denotes tunneling in the direction opposite to that of the electronic current.
To find the probability weights σ(n), we note that the tunneling events may be
regarded as forming a Markov process where the states are characterised by the
number of extra electrons on the island. The events Γ+

1 and Γ−2 add electrons
to the island, while the events Γ−1 and Γ+

2 remove electrons from it. The steady
state condition on the transition rates

τ(n− 1→ n) + τ(n+ 1→ n) = τ(n→ n− 1) + τ(n→ n+ 1) (5)

reduces to the following master equation

[Γ+
1 (n− 1) + Γ−2 (n− 1)]σ(n− 1) + [Γ−1 (n+ 1) + Γ+

2 (n+ 1)]σ(n− 1)

= [Γ+
1 (n) + Γ−1 (n) + Γ+

2 (n) + Γ−2 (n)]σ(n)
(6)

This, along with the normalisation condition
∑

n∈Z σ(n) = 1 and the symmetry
condition σ(−n) = σ(n), required to ensure that the currents through both the
junctions are the same, is sufficient to fix all the σ(n).

Now that we have determined the probability weights σ(n), we have all
the ingredients in place to calculate the tunneling current I as a function of
the bias voltage V and temperature T . The additional assumption that u ≡
(e2/CΣ)/kBT � 1 allows us to write down fully analytic expressions for the
conductance curve versus bias voltage up to first order in u. We won’t go
through all the details of this calculation here but simply quote the final result
from [2].

G

GT
= 1− ug(v) + · · · (7)
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Figure 3: Variation of conductance curves with temperatures.

where

GT =
1

2RT

v =
eV

2kBT

g(v) =
v sinh(v)− 4 sinh2(v/2)

8 sinh4(v/2)

4 Conclusion

The expression (7) contains everything we need to extract information about
the temperature from the conductance curve. Firstly, we note that at v = 0 we
have

G

GT
= 1− u

6
+ · · · (8)

So, to find the ‘full width at half–maximum’ V1/2 of the conductance drop,
we have to solve g(v) = 1/3. This is readily done and we have the universal
relationship

eV1/2

2kBT
= 5.439 . . . (9)

Thus to measure the temperature, all we have to do is build a double junction (or
a variant with N junctions; Monte Carlo simulations indicate that the FWHM
is proportional to N) with the physical dimensions of the junctions and island
chosen so that (e2/CΣ)kBT � 1, and read off V1/2 from the conductance curve.
Figure 3 [2] shows the variation of the conductance curve with temperature
— the curves with sharper dips are at a lower temperature and the ones with
broader dips are at a higher temperature.
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