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Abstract

In this article, we take up the link Paul Dirac had discovered be-
tween the quantization of electric charge and the existence of magnetic
monopoles. We see how the latter provides a natural explanation for
why charge is quantized and conversely, how the quantization of charge
strongly suggests that there exists at least one magnetic monopole
somewhere in the Universe, even though the search for the same has
proven to be so far largely fruitless.

1 Introduction

By the turn of the 20th century, the laws governing the dynamics of charged
particles subjected to an electromagnetic field had been neatly surmised
into five equations, four (Maxwell’s equations) describing the electromag-
netic field in the presence of charge and current distributions along with the
time-evolution of the fields concerned, and one (Lorentz force) describing the
motion of a charged particle under the influence of such a field. This had
been the first time that the notion of a field, introduced by Faraday, had been
directly incorporated into the mathematical form of a dynamical theory, not
without causing a fair amount of discomfort to physicists who were more
accustomed to thinking in terms more familiar from Newtonian mechanics
and who could consider fields to be anything but a conceptual aid. But such
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difficulties aside, the framework provided a way of accurately predicting the
dynamics of charged particles and so according to modern standards of sci-
ence qualifies as a highly successful theory. However, in this article here, we
will be less concerned with what the five equations say than what they leave
out. To be precise, that are two existential questions that are left unan-
swered. The first one is: why are charges quantized? Why do charges occur
in integer multiples of a maximum quantum of charge? (An early explana-
tion was that all matter was actually composed of these discrete quanta of
charge but this turned out not to be the case.) The second question is: is
the existence of the magnetic counterpart to the electric charge (hereafter
referred to as a magnetic monopole) really impossible? The surprising thing,
as demonstrated in a brilliant mathematically motivated argument by Paul
Adrien Maurice Dirac in [4], is that the two questions are not independent
after all.

2 Manifestly Covariant Electrodynamics

We begin by listing down Maxwell’s equations for electric and magnetic fields
E and B at a point where charge density is ρ and current density is j in
absence of any magnetic monopole

∇ · E = ρ (1)

∇× E = −∂B
∂t

(2)

∇ ·B = 0 (3)

∇×B =
∂E

∂t
+ j (4)

(We have adopted the convention of using geometrized units and subsuming
permittivity and permeability into the charge density and current density.)
This will suffice for our demonstration but there is a more elegant way to get
things done. We shall reexpress the above in terms of scalars, 4-vectors and
4-tensors i.e. in a form wherein the Lorentz covariance is trivially evident [2].

Firstly, since, we have
∇ ·B = 0

we may define a 3-vector potential A such that

∇×A = B (5)
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We substitute (5) into (2) to obtain

∇× E = − ∂

∂t
(∇×A)

Since the derivative operators commute, we have

∇× (E +
∂A

∂t
) = 0

Hence, we define a scalar potential ϕ such that

−∇ϕ = E +
∂A

∂t
(6)

Using the scalar and 3-vector potential, we may define a 4-vector Aµ, whose
spatial components Ak are the same as those of the 3-vector A and whose
temporal component A0 is −ϕ. This is known as the 4-potential.

We can do the same thing for the charge and current densities to obtain
an analogous 4-current jµ, whose spatial components jk are same as that of j
and whose temporal component j0 is ρ. A brief moment’s thought is enough
to convince oneself that this on being dotted with a unit 4-vector represents
the total charge ‘flowing’ across the volume hypersurface orthogonal to the
4-vector.

We now go on to define the field strength tensor Fµν

Fµν = ∂µAν − ∂νAµ (7)

where ∂µ is shorthand for the operator ∂/∂xµ.
We also define the dual field strength tensor (?F )µν

(?F )µν = −1

2
εµνκλF

κλ ≡ −1

2
εµνκλη

καηλβFαβ (8)

where εµνκλ is the Levi-Civita tensor given by

εµνκλ =


1 if µνκλ is an even permutation of 0123.
−1 if µνκλ is an odd permutation of 0123.

0 otherwise.

and ηκα is the Minkowski metric tensor given by

ηκα =


1 if κ = α 6= 0
−1 if κ = α = 0

0 otherwise.
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Spelt out in full, the two tensors Fµν and (?F )µν are represented by the
matrices

Fµν =


0 −E1 −E2 −E3

E1 0 B3 −B2

E2 −B3 0 B1

E3 B2 −B1 0



(?F )µν =


0 −B1 −B2 −B3

B1 0 E3 −E2

B2 −E3 0 E1

B3 E2 −E1 0


where Ek and Bk represent the components of the 3-vector electric and mag-
netic fields.

In terms of the above formalism, Maxwell’s equations become

∂αF
α
γ ≡ ∂αη

αβFβγ = jγ (9)

∂α(?F )αγ ≡ ∂αη
αβ(?F )βγ = 0 (10)

Meanwhile, the expression for the Lorentz force is given by

dpµ
dτ

= qFµνu
ν (11)

where pµ is the 4-momentum, τ is the proper time, q is the charge of the
particle in question and uν is the particle’s 4-velocity.

We now have a complete description of the electromagnetic field in pres-
ence of charge and current distributions along with its time-evolution, and
the motion of a charged particle under the influence of such a field. All in
terms of Lorentz covariant quantities.

3 Gauge Transformations

An important point that we must note in the last section is that though we
defined a 4-potential Aµ, it is only the field strength tensor Fµν that directly
enters the field equations. This suggests the possibility of a multitude of
choices for the 4-potential giving rise to the same physical situation i.e. the
same field strength tensor. This, indeed, is the case.
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Firstly, we define a gauge transformation to be one that takes us from one
4-potential yielding a given field strength tensor to another such 4-potential
yielding the same field strength tensor.

And secondly, we make the following claim:

Claim: The transformation Aµ → Aµ+∂µχ, where χ is a scalar function
of time and space that is defined everywhere, is a gauge transformation.
Furthermore, if the region we are working with is simply connected (as is the
case here, since Aµ is stipulated to be defined everywhere on the Minkowski
spacetime M4) then this is the only possible gauge transformation.

Proof : For proving the first part of the claim, we denote the transformed
4-potential and field strength tensor by A′µ and F ′µν . We see that

F ′µν = ∂µA
′
ν − ∂νA′µ

= ∂µ(Aν + ∂νχ)− ∂ν(Aµ + ∂µχ)

= ∂µAν − ∂νAµ
= Fµν

For proving the second part of the claim we let the transformed 4-potential
be A′µ and equate the field strength tensors to obtain

∂µA
′
ν − ∂νA′µ = ∂µAν − ∂νAµ

On rearranging and grouping terms acted on by the same operator, we have

∂µ(A′ν − Aν)− ∂ν(A′µ − Aµ) = 0

Since the region we are working with is simply connected, we conclude that

A′µ − Aµ = ∂µχ

for some scalar function of space and time χ. �

4 Bringing in the Wavefunctions

Our discussion has so far been entirely classical. We have only seen how a
classical charged particle behaves under the influence of an electromagnetic
field and now we would like to see how all this carries over to the quantum

5



world of wavefunctions and the like i.e. how a quantum particle of charge q
and mass m (that is to say, its wavefunction) would behave in the presence of
a 4-potential Aµ. We begin with the Schrödinger equation for a free particle(

−∇
2

2m
+ i

∂

∂t

)
ψ = 0 (12)

Since the Schrödinger equation is nonrelativistic, we can’t directly jump to
a Lorentz covariant formalism. Hence, for the time being, we consider the 3-
vector potential A and scalar potential ϕ as separate entities. If the particle
in question has no spin, the equation becomes[

− 1

2m
(∇+ iqA)2 + i

(
∂

∂t
− iqϕ

)]
ψ = 0 (13)

The case where the spin becomes nonzero (and hence interacts with the
electromagnetic field) or the case where the nonrelativistic approximation
breaks down is handled by more complicated equations such as the Pauli
equation and the Dirac equation, but we need not concern ourselves with all
the details involved. A single observation is all that we’ll be requiring for
the subsequent sections – the space and time derivatives enter the equations
only in the combinations (∇ + iqA) and (∂/∂t − iqϕ). It is here that we
can revert to the 4-potential and claim that the dynamical equation for the
wavefunction of the charged particle always has the form

f(∂µ + iqAµ)ψ = 0 (14)

for some function f of the operators (∂µ + iqAµ).

5 Gauge Transformations Revisited

Whatever we had earlier remarked about gauge transformations and how a
physical system remains invariant under them must carry over to quantum
mechanics as well. We would expect that if a wavefunction does satisfy (14)
then it should continue to satisfy it after the transformation Aµ → Aµ+∂µχ is
carried out. But this does not happen. So, we shall make the following claim.

Claim: Given that under identical boundary conditions

f(∂µ + iqAµ)ψ = 0
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f(∂µ + iqA′µ)ψ′ = 0

where A′µ = Aµ + ∂µχ, then

ψ′ = e−iqχψ

Proof : To see this, all we need to consider is the effect of the operators
(∂µ + iqA′µ) on e−iqχψ.

(∂µ + iqA′µ)e−iqχψ = ∂µ(e−iqχψ) + iqA′µe
−iqχψ

= −iq(∂µχ)e−iqχψ + e−iqχ∂µψ + iq(Aµ + ∂µχ)e−iqχψ

= e−iqχ(∂µ + iqAµ)ψ

We observe that the factor e−iqχ can move past the operators (∂µ + iqA′µ)
while the operators themselves are replaced by (∂µ + iqA′µ). So, if the entire
operator on the left-hand-side of the dynamical equation is an expression
involving (∂µ + iqA′µ), the factor e−iqχ moves past the entire operator and
every occurrence of (∂µ + iqA′µ) is replaced by (∂µ + iqAµ). We have as a
consequence

f(∂µ + iqA′µ)e−iqχψ = e−iqχf(∂µ + iqAµ)ψ = 0

Hence, e−iqχψ is a solution to the transformed equation. �

This actually shouldn’t be surprising at all. Even though the solutions
are different following a gauge transformation, the difference lies only in the
phase factor e−iqχ that gets multiplied. Since, it is the squared modulus of
a wavefunction |ψ|2 that is physically significant, the physics remains com-
pletely unaltered by the gauge transformation. Indeed, an alternative ap-
proach to developing a theory of interactions is to first identify the group of
gauge transformations of the interaction and then incorporate the interacting
fields into the dynamical equation in a way such that gauge transformations
cause no change in the physically significant variables [1].

6 Dirac Phase

As is already known from optics, the notion of an absolute phase carries no
physical meaning. Indeed, that is the reason we have had the freedom to
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choose a suitable gauge without changing any of the physics involved. But
this is not the case when we talk of the relative phase, which can actually be
experimentally determined through interferometry. So, we will ask: when can
we say two wavefunctions ψ(1) and ψ(2) are parallel at point xµ in spacetime?
This is simple enough. The two wavefunctions are said to be phase-parallel
at xµ provided the amplitudes match at the point i.e.

ψ(1)(x
µ) = ψ(2)(x

µ) (15)

However, this idea of checking whether the amplitudes match or not doesn’t
work when we talk of the phase-parallelism of the wavefunctions at two dif-
ferent points, say the infinitesimally separated xµ and xµ + dxµ. The reason
is this: gauge transformations do not necessarily change the 4-potential ev-
erywhere by a constant amount. The function χ in general depends on xµ.
Hence, even though the amplitudes might match for a certain choice of 4-
potential Aµ, implementing a gauge transformation Aµ → Aµ + ∂µχ brings
about a relative factor of exp(−iq(χ(xµ + dxµ)− χ(xµ))) = exp(−iq∂µχdxµ)
between them. But this can be easily dealt with by stipulating that the
wavefunctions ψ(1) at xµ and ψ(2) at xµ + dxµ are phase-parallel if and only
if

ψ(1)(x
µ)e−iqAµdx

µ

= ψ(2)(x
µ + dxµ) (16)

The above ensures that the factor e−iq∂µχdx
µ

is multiplied on either side and
the notion of phase-parallelism is invariant under gauge transformations.

Now, back to the physical meaning of all this. We have had no prob-
lem with phase-parallelism at a point but the concept of phase-parallelism
at two given points seems a little too contrived. However, it does allow for
the following interpretation that is best illustrated with an analogy. Con-
sider a sphere, with vectors lying tangent to its surface. If two vectors
are tangent at the same point on the sphere, the question of parallelism
answers itself, but if they are tangent at two different points we have to
slide i.e. ‘parallel-transport’ one over to the other before we can make any
comparison. Equation (16) does exactly that. It provides a rule for parallel-
transporting a wavefunction from one point to the other. Of course, so far we
have dealt only with infinitesimal displacements. The case where we have to
parallel-transport a wavefunction along a path Γ(P,Q) between finitely sepa-
rated points xµ(P ) and xµ(Q) is easily handled by breaking up the path into
infinitesimal segments and then multiplying together all the phase factors
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acquired. The result is

ψ(1)(x
µ(P )) exp

(
−iq

∫
Γ(P,Q)

Aµdx
µ

)
= ψ(2)(x

µ(Q)) (17)

As we would expect from what we intuitively know about spheres, parallel
transport is, in general, path-dependent, as is the case here. That means,
if we take the wavefunction around a loop C, a net phase −qΦ is acquired
where Φ is given by

Φ =

∮
C

Aµdx
µ (18)

The net phase −qΦ is referred to as the Dirac phase associated with the loop
C. A very valid question that might be asked at this point is why the quantity
is accorded importance enough to be assigned a name of its own – the reason
is rather simple [3]. The 4-potential owing to gauge invariance tends to
overdescribe a system, while the field strength tensor, in certain situations
like the Bohm-Aharonov experimental set-up†, underdescribes the system
(though never in the classical realm). The Dirac phase however represents
exactly the right amount of information required to represent a physical
system. It is for this very reason that we’ll not let ourselves be satisfied
with a definition that works only when monopoles don’t exist (i.e. only when
Aµ can be consistently defined everywhere) and proceed to generalize it by
turning to Stokes’ theorem.∮

C

Aµdx
µ =

∫∫
S

(∂µAν − ∂νAµ)dxµdxν

=

∫∫
S

Fµνdx
µdxν

where S is an orientable surface bounded by C. Our definition for the Dirac
phase accordingly changes to −qΦ where

Φ =

∫∫
S

Fµνdx
µdxν (19)

The fact that there is some degree of ambiguity in choosing the surface S
bounded by the loop C is highly significant, as shall be soon evident.

† An electron beam is made to pass through slits on either side of a long solenoid before
being allowed to interfere on a screen. Even though the electromagnetic field vanishes in
the region around the solenoid, the interference fringes show a phase-shift as the Dirac
phase for a loop encircling the solenoid is nonzero.
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7 Circle or Line?

We begin by considering a single particle of charge q. The parameter Φ for
an arbitrary loop can be any real number, but since the physically relevant
factor arising from it is e−iqΦ, 0 and 2π/q may be identified. The ‘space’
of values it assumes, which we shall loosely call the gauge group, is thus a
circle. The situation where there are multiple charges q(n) is a little more
complicated and has to be dealt on a case-by-case basis.

Case 1: The charges are quantized i.e. there is a maximum quantum of
charge q of which all charges are multiples.

Let q(n) = a(n)q, where a(n) are integers. In such a case, we see that 2π/q
may be identified with 0 as

e−iq(n)(2π/q) = e−ia(n)(2π) = 1 ∀n

So, the gauge group is a circle.

Case 2: The charges are not quantized i.e. there does not exist a quantum
of charge q of which all charges are multiples.

Hence, there is no charge q such that

e−iq(n)(2π/q) = 1 ∀n

So, the gauge group is a line.

We have thus reduced the question of whether charges are quantized or
not to a question regarding the topology of the gauge group – whether it is
simply connected or not.
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8 Capturing the Monopole

And finally, after having armed ourselves with the above mathematical
background, we are now ready to capture the elusive monopole. Consider a
closed surface S in a charge-free region and a point P on it. The surface S
may be seen as being generated by a family of loops Ct passing through P ,
which are continuously parametrized by a real number t running from say
0 to 1, so that C0 and C1 are both point loops at P (see Figure 1). We
compute Φ (as defined earlier) for each loop as a continuous function of t.
Since, parallel transport around point loops implies no parallel transport at
all, we have that Φ(0) = Φ(1) = 0. So, as t varies from 0 to 1, Φ(t) traces a
closed curve in the gauge group, which may either be a line or a circle (see
Figure 2).

No, let us see what happens if we collapse the entire surface to a point. Of
course, we must ensure the process is smooth and doesn’t involve anything
more than the surface passing through free space. In such a case, the closed
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curve traced out in the gauge group must be continuously deformed into a
point (0, that is). As long as the gauge group is a line, there is no problem,
but if it is a circle then, as is evident from Figure 2, there are cases where this
is not possible, particularly when the closed curve winds around the circle.
Something must be obstructing us from collapsing the surface S to a point
and the claim is that that something is a monopole.

Here’s how we justify this.
We had mentioned at the end of Section 7, that the ambiguity associated

with choosing the surface bounded by a loop is highly significant. We shall
address that point now. Let us pick an arbitrary loop Ct through P and
consider two surfaces S(1) and S(1) that it bounds, as indicated in Figure 3.

We define Φ(1)(t) and Φ(2)(t) as

Φ(1)(t) =

∫∫
S(1)

Fµνdx
µdxν (20)

Φ(2)(t) =

∫∫
S(2)

Fµνdx
µdxν (21)

If the closed curve in the gauge group can indeed be continuously deformed
into a point, then the difference Φ(1)(t)−Φ(2)(t) vanishes and there is no con-
fusion. But, in the case where the closed curve winds around the circle gauge
group, we see that because 0 and 2π/q (q being the elementary quantum of
charge) are identified, even though Φ(1)(t) and Φ(2)(t) must correspond to the
same point in the gauge group, their difference must be an integral multiple
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of 2π/q, say (2π/q)N where N ∈ Z. Furthermore, as can be gathered from
Figure 3, the difference Φ(1)(t) − Φ(2)(t) represents the net flux through the
closed surface S. This means that there is a magnetic monopole residing
in its interior, which being proportional to the flux (2π/q)N , is moreover
quantized in units inversely proportional to the quantum of charge q. This
is the celebrated Dirac quantization condition.

9 Conclusion and Contemplation

We have now seen how the existence of magnetic monopoles provides a nat-
ural and elegant explanation for why electric charge must be quantized. If a
monopole does exist, then passing a loop around it in the manner discussed
in Section 8 will result in Φ tracing out a closed curve in the gauge group that
cannot be continuously deformed into a point. Since this is never the case
for a line gauge group, we conclude that the gauge group has to be a circle
and charges have to be quantized. Conversely, the fact that gauge group is
in fact a circle strongly suggests that the closed curves due to a family of
loops passing over certain surfaces may wind around the circle. In this light,
the existence of magnetic monopoles seems highly plausible.

The surprising thing is that despite such overwhelming mathematical
backing, our search for a monopolar elementary particle in everything from
cosmic rays to particle accelerators have proved fruitless. Of course, monopo-
lar behavior has been seen by condensed matter physicists to arise as a result
of the anomalous alignment of magnetic dipole moments in ‘spin ice’ [5], but
such ‘monopoles’ occur in pairs and are accompanied by a physical ‘Dirac
string’† of reversed spins in spin ice that allows flux to be channeled from one
‘monopole’ to the other. Hence, these ‘monopoles’ sadly do not explain the
quantization of electric charge as above. The fact that magnetic monopoles
are so hard to spot does indicate something fishy is going on. Perhaps there
exists an explanation more natural than the one presented here. But that
too has remained as elusive, if not more.

The search meanwhile continues.

† The monopoles in Dirac’s paper had Dirac strings attached too, but these strings
were singularities resulting from failed attempts at consistently defining 4-potential Aµ

everywhere and could be eliminated by resorting to the use of coordinate patches (quite
similar to the techniques cartographers have developed to represent the surface of a sphere
on a flat sheet of paper). They were not physically real objects.
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