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Abstract

This is a special problem set that I prepared while I was a Teaching
Assistant for the course PH 544: General Theory of Relativity, taught by
Prof. Urjit Yajnik, in Spring 2013. The problems are intended to be more
entertaining, if not more challenging, than those that students usually
encounter in their assignments. While Sections 1 and 6 may be solved
independently of the rest, Sections 2 to 5 are best contended with in that
order.

1 Higher dimensional spheres

We may define an n–sphere Sn by embedding it in Rn+1 equipped with the
usual Euclidean metric

ds2 = (dx1)2 + (dx2)2 + · · ·+ (dxn+1)2 (1.1)

Then, Sn is the hypersurface given by

(x1)2 + (x2)2 + · · ·+ (xn+1)2 = L2 (1.2)

where L is a real number.
A standard choice of coordinates for a 2–sphere (the sphere we’re all accus-

tomed to) is given by

x1 = L cosϕ1

x2 = L sinϕ1 cosϕ2

x3 = L sinϕ1 sinϕ2

(1.3)

where ϕ1 and ϕ2 are ‘angular coordinates’ that run from 0 to π and 0 to 2π
respectively. The metric induced by (1.1) on S2 is given by

L2dΩ2
2 = L2((dϕ1)2 + sin2 ϕ1(dϕ2)2) (1.4)

where dΩ2
n in general represents the metric on the ‘unit n–sphere’.

Problem 1.1. Figure out a way to extend the coordinate system given by (1.3)
to a general n–sphere Sn and express dΩ2

n in terms of dΩ2
n−1. �
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Problem 1.2. Write down the geodesic equation for Sn and a solution for the
same. You don’t have to explicitly solve the geodesic equation — just show that
the solution you’ve written satisfies the equation. �

The ‘n–volume’ of an n–dimensional region is given by integrating
√
|det g|

over the region. Here, det g denotes the determinant of a matrix whose entries
are the components of the metric gij .

Problem 1.3. Write down the integral for finding the n–volume of Sn and
evaluate it for the cases n = 1, 2 and 3. �

2 Symmetries of the Riemann tensor

The Riemann tensor, being a fourth rank tensor, has n4 components in n di-
mensions. However, these components have to satisfy certain constraints arising
from the symmetries of the Riemann tensor and hence, they aren’t independent.
In this section, we shall investigate how many degrees of freedom the Riemann
tensor has.

Problem 2.1. Prove the following.

Rijkl +Rjikl = 0 (2.1a)

Rijkl +Rijlk = 0 (2.1b)

Rijkl +Riljk +Riklj = 0 (2.1c)

Rijkl −Rklij = 0 (2.1d)

Hint: Any fourth rank tensor satisfying conditions (2.1a), (2.1b) and (2.1c)
automatically satisfies (2.1d). �

Problem 2.2. Prove that, in n dimensions, the number of independent com-
ponents required to completely specify the Riemann tensor at a point is
1
12n

2(n2 − 1). �

Problem 2.3. Prove that, for 2–dimensional manifolds, the Riemann tensor
and Ricci tensor are of the form

Rijkl = f(x)(gikgjl − gilgjk) (2.2a)

Rij = f(x)gij (2.2b)

where f(x) denotes some function of the coordinates. �

However, even though there are 1
12n

2(n2 − 1) independent components that
need to be given to completely specify the Riemann tensor at a point for an
n–dimensional manifold, these components, when viewed as real-valued func-
tions over the manifold, aren’t functionally independent as there are additional
constraint equations satisfied by the derivatives of the components. This is why
it is sometimes important to distinguish between tensors and tensor fields.
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Problem 2.4. Prove the (differential) Bianchi identity

Rijkl;m +Rijmk;l +Rijlm;k = 0 (2.3)

where the semicolon denotes the covariant derivative. �

Problem 2.5. Prove that, for n–dimensional manifolds, n > 2, if the Riemann
tensor is of the form

Rijkl = f(x)(gikgjl − gilgjk) (2.4)

then f(x) must necessarily be a locally constant function. �

3 Gravity from an action principle

The equation governing how spacetime curves due to the flux of momentum is
the Einstein field equation

Rµν −
1

2
gµνR = 8πTµν (3.1)

The particular manner in which the metric and its derivatives enter the left
hand side of the equation can be seen to naturally arise from an action princi-
ple. The action describing the interaction of gravity with matter fields carrying
momentum may be split apart into a gravitational part constructed solely out of
the metric and its derivatives, and a matter part that involves the matter fields
and the metric, but not the derivatives of the metric. Now, the gravitational
part of the action is stipulated be the integral of a scalar density (which means
some scalar times

√
|det g|) over some arbitrarily chosen region of spacetime D.

The simplest nontrivial scalar that can be constructed out of the metric and its
derivatives is the Ricci scalar R. Indeed, this is the Einstein–Hilbert action

S =
1

16π

∫
D
R
√
|det g| d4x (3.2)

We will now try to show that the left hand side of (3.1) emerges naturally upon
taking the variation of S with respect to the inverse metric gµν .

Problem 3.1. Prove the following.

gµνδg
νρ = −gνρδgµν (3.3a)

δ(det g) = det g gµνδgµν (3.3b)

δ
(√
|det g|

)
=

1

2

√
|det g| gµνδgµν (3.3c)

δR = Rµνδg
µν +

(
gµνδΓσµν − gµσδΓνµν

)
;σ

(3.3d)

δS =
1

16π

∫
D

(
Rµν −

1

2
gµνR

)
δgµν

√
|det g| d4x (3.3e)

Note that to prove (3.3e), you’ll need to assume Neumann boundary conditions.
In other words, the derivatives of the metric are held fixed on the boundary ∂D
of the region of integration D so that δΓσµν vanishes on ∂D. �
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The fact that we need to assume Neumann boundary conditions rather than
Dirichlet to make things work is a particularly worrisome feature of the Einstein–
Hilbert action, especially as the Einstein field equations are second order equa-
tions. Hence, this issue is often rectified by adding what is referred to as the
Gibbons–Hawking–York boundary term to the Einstein–Hilbert action. How-
ever, that is beyond the scope of this discussion.

4 Tiling the hyperbolic plane H2

A ‘unit hyperbolic plane’ is a hyperbolic plane whose Gaussian curvature (which
is half the Ricci scalar curvature) is −1. In what follows, we shall use the term
‘hyperbolic plane’ or H2 to mean a unit hyperbolic plane.

As you’d have discovered while reading up on hyperbolic geometry for your
reports, the area of a ‘triangle’ formed by three geodesic segments on H2 is given
by π− α− β − γ where α, β and γ are the interior angles of the triangle. We’ll
use this fact to gather some information about the regular tilings of H2.

A regular tiling of H2 essentially involves partitioning H2 into congruent
regular polygons (whose sides are geodesic segments) such that every vertex
and edge in the tiling is equivalent to every other vertex and edge respectively.
Such a tiling may be uniquely specified upto isometry by its Schläfli symbol
{p, q}, which is shorthand for ‘every tile is a p–gon, and every vertex is shared
by q such p–gons’.

Problem 4.1. Prove that every tile in a {p, q} tiling of H2 must have area

A =

[
p

(
1− 2

q

)
− 2

]
π (4.1)

Moreover, physically interpret what happens when p(1− 2/q) ≤ 2. �

5 Counting ‘holes’

If a certain quantity associated with a manifold without boundary is unchanged
under stretching or distortion of the manifold, it is said to be a topological
invariant of the manifold. In other words, topological invariants remain un-
changed under deformations of the metric gµν 7→ gµν + δgµν , irrespective of
what gµν is. In this section, we are going to be looking at only connected (2–
dimensional) surfaces which don’t have boundary and over which integration
can be cavalierly performed (hereafter referred to only as ‘surfaces’). An intu-
itively obvious topological invariant is the number of ‘holes’ in the surface — a
sphere has no ‘hole’, a doughnut has one, a (thickened) figure eight has two, a
pretzel has three and so on. Surprisingly, this global notion of a ‘hole’ can be
related to the local notion of curvature via what is known as the Gauss–Bonnet
theorem.
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Problem 5.1. You are given a ‘surface’ M. Using the results of Sections 2
and 3, prove that the Euler characteristic χ, as defined below, is a topological
invariant.

χ =
1

2π

∫
M
K dA (5.1)

Here, K = 1
2R is the Gaussian curvature (equal to half the Ricci scalar curva-

ture) and dA =
√
|det g| d2x is the area element. �

Problem 5.2. Show that the Euler characteristic of a 2–sphere S2 (whose Ricci
scalar curvature is 2/L2, L being the radius) is 2. �

One way to calculate the Euler characteristic of a torus is to parametrise
it as a doughnut floating in space, finding the metric induced on it by the
usual Euclidean metric in three dimensions and grinding through with all the
computations involving the integral of the Gaussian curvature. It’s not too
cumbersome but there is a niftier way to go about it.

As pictured above (image taken from [1]), a torus can be turned into a square
whose opposite edges are identified with two cuts, one around the ‘hole’ and one
through it. As the four corners meet at a single point, the torus can be regarded
as a single tile of a square tiling of the Euclidean plane (Schläfli symbol {4, 4};
see Section 4), where all the tiles are basically regarded as the same. Comput-
ing the Euler characteristic of the torus has now been reduced to performing
the integral in (5.1) over a single tile of the {4, 4} tiling. Since, the Gaussian
curvature is zero everywhere on a Euclidean plane, the Euler characteristic of a
torus is zero.
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We shall be employing this strategy of cutting up a surface and regarding it
as some sort of a tiling (with identifications) to find the Euler characteristic of a
general N–fold torus which has N ‘holes’. The cases N = 2 and 3 are pictured
above (image taken from Wikimedia Commons).

There are two different ways in which we can proceed (there can be more in
principle but these were the only two I could think of).

Option 1: We choose a ‘base point’ on the N–fold torus and for every ‘hole’,
make two cuts, one going around the ‘hole’ and one going through the ‘hole’ (as
in the case of the usual torus), but both passing through the base point. This
is pictured below for a 2–fold torus (image taken from [1] again).

Option 2: We cut up the N–fold torus into a collection of hexagons, as
shown below for a 3–fold torus (image taken from [2]).
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Problem 5.3. Taking the image depicting Option 1 as your cue, sketch out a
rough argument as to why an N–fold torus can be represented by a single tile
of a {4N, 4N} tiling on H2. Hence, determine the Euler characteristic using the
area expression (4.1) you’d derived in Section 4. �

Problem 5.4. Extend the idea behind the cut shown in the image depicting
Option 2 to show that an N–fold torus can be cut up into 4N − 4 hexagons.
Proceed by giving a rough argument as to why an N–fold torus can be rep-
resented by 4N − 4 tiles of a {6, 4} tiling on H2. Hence, determine the Euler
characteristic using the area expression (4.1) you’d derived in Section 4. �

6 Alcubierre’s warp drive

The lesson that the twin ‘paradox’ holds for us is that given two timelike sepa-
rated events, we can make the proper time along a timelike trajectory passing
through both the events arbitrarily small. We merely have to accelerate around
as if all hell has broken loose. By contrast, there seems to be a fundamen-
tal limitation on how small we can make the lapse in coordinate time between
two events which are given to be timelike separated and at fixed spatial loca-
tions. After all, if the coordinate time interval could be made arbitrarily small,
then ‘superluminal’ travel would be quite real a possibility. Which, as everyone
except Captain Kirk knows, is nonsense, right?

That idea is so pre–1980 (which was when Alan Guth proposed his inflation-
ary model of cosmological expansion).

All the general theory of relativity demands is that the velocities of massive
objects be locally less than the speed of light. There is nothing that says objects
separated by a distance cannot recede at a velocity greater than that of light
(possibly due to the expansion or contraction of spacetime itself). It was this
loophole that Miguel Alcubierre exploited in [3]. Given an arbitrary function of
the timelike coordinate xs(t), this is what the ‘warp drive’ metric looks like

ds2 = dt2 − (dx− vsf(rs)dt)
2 − dy2 − dz2 (6.1)

where

vs(t) =
dxs(t)

dt

rs(t) =
[
(x− xs(t))2 + y2 + z2

]1/2
f(rs) =

tanh (σ(rs + ρ))− tanh (σ(rs − ρ))

2 tanh(σρ)

The parameters σ and ρ are arbitrary and may be referred to as the ‘wall
impenetrability’ and radius of the ‘warp bubble’ respectively.

Problem 6.1. Make a rough plot of the function f(rs) with respect to rs.
What does it look like in the limit σ →∞? Additionally, show that the metric
in (6.1) reduces to the flat Minkowski metric at rs � ρ for σ > 0. �

7



Problem 6.2. Show that the trajectory given by x(t) = xs(t) satisfies the
geodesic equation. Moreover, show that the infinitesimal proper time dτ along
this trajectory is equal to dt, which means that the trajectory happens to be a
timelike geodesic. �

Problem 6.3. Fix y = z = 0 and make a rough qualitative plot of d
dt

[
|det g|1/2

]
as a function of x − xs(t), assuming vs(t) > 0. What do you infer about what
the Alcubierre metric is doing from this plot? �

To demonstrate that a spaceship equipped with such a warp drive can travel
from a star A to a star B, at a fixed distance D from A, and back in an
arbitrarily short interval of time from the perspective of an observer stationed
at A (this is the coordinate time interval between the spaceship’s departure and
arrival), we first have the spaceship travel a short distance d � D from the
star A by conventional propulsion so that the star is outside the warp bubble
radius ρ � d and is practically unaffected by the warp drive. Now, with the
warp drive turned on, the coordinate velocity vs can rapidly but smoothly go
from zero to an arbitrarily large value v so that the Alcubierre metric develops
smoothly from the Minkowski metric without affecting the stars A or B. As the
spaceship approaches B, its coordinate velocity vs may be brought down rapidly
but smoothly to zero at a distance d from B, so that we return to the Minkowski
metric. The spaceship can then proceed to B by conventional propulsion. For
the return trip, we need to simply interchange A and B in the above protocol.
Since, d is much smaller than D and since all this while the stars A and B have
been sitting in essentially just a Minkowski metric unaffected by the warp drive,
the total coordinate time between the departure and arrival of the spaceship at
A is, to an excellent approximation, ∆t = 2D/v. Now, v can be made arbitrarily
large, so ∆t can be made arbitrarily small.

Problem 6.4. For this problem, we’ll restrict ourselves to the t–x plane at y =
z = 0 and assume that xs(t) = vt, where v is a positive constant. Make a rough
plot of the ‘forward’ and ‘backward’ propagating null geodesics (i.e. photon
trajectories) passing through the point at (i) (t, x) = (0, 0), (ii) (t, x) = (0,−ρ),
and (iii) (t, x) = (0, ρ). �

Problem 6.5. Give a simple argument as to why the Alcubierre metric cannot
lead to causality violations of any sort. �

In case you’re wondering why we haven’t yet boldly gone where no one has
gone before, this is because the metric (6.1) violates what are known as the
weak, dominant and strong energy conditions. Hence, building a working pro-
totype of the warp drive requires the presence of either an abnormally large
amount of exotic matter (of the order of the mass of Jupiter according to cer-
tain calculations) or the clever exploitation of certain quantum effects on an
unprecedentedly large scale.
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