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1 The tropical vertex group

The algebraic torus (C?)2 has a natural group structure on it that makes
it possible to talk of group automorphisms. Since all one-parameter sub-
groups of the algebraic torus are indexed by points in a lattice M isomorphic
to Z2, and since any group automorphism ought to send the component
(one-parameter) subgroups C? to one-parameter subgroups, the group of au-
tomorphisms is just GL2(Z).

In addition to being a group, (C?)2 is also an algebraic variety. In particu-
lar, it can be constructed as the spectrum of the ring C[x, y, x−1, y−1] (which
is the localisation of the ring C[x, y] of functions on the affine space C2 on
the ideal of functions that vanish when either of the two complex coordinates
are zero). Therefore, it also makes sense to talk of variety automorphisms
of (C?)2. Variety automorphisms on (C?)2 are completely fixed by specify-
ing the polynomials that x and y get sent to. The polynomials cannot have
zeroes at any point for which both x and y are nonzero. In other words, the
polynomials can have zeroes only at x = 0 or y = 0. Therefore, a power of x
and a power of y must be the only factors dividing these polynomials, which
we conclude have to be of the form λxayb, where λ ∈ C?. These monomi-
als may be labelled by lattice points (a, b) in Z2 and pairs of scaling factors
(λx, λy). Since variety automorphisms have to be invertible, we see that the
(linear) assignment sending lattice points in Z2 to itself lie in GL2(Z). So, at
the level of varieties, there is a slight enlargement of group of automorphisms,
which now includes the group action of (C?)2 on itself as well.
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In the spirit of toric degenerations we considered in the previous note,
we enlarge the group of automorphisms even further by including a formal
parameter t that takes care of the zero problem that restricted the form of
the polynomials that x and y could get mapped to. In other words, we tensor
(via an inverse limit) C[x, y, x−1, y−1] ∼= C[M ] with the ring of formal power
series in one variable C[[t]]. Note that mere tensoring means that we only
consider sums of finitely many pure tensor product terms. Thus we need to
first truncate the power series to k-th order in t, do the usual finite tensoring
and then take an inverse limit over k. The “completed” tensor product shall
be denoted as C[M ] ⊗̂C C[[t]].

It’s possible to work more generally and replace C[[t]] by any complete
local ring R with (unique) maximal ideal mR, so that the completed tensor
product becomes

C[M ] ⊗̂C R = lim
←−

C[M ]⊗C R/m
k
R.

This will be the level of generality we will adopt in the rest of this note.

Let us now consider the space of derivations ξ̄ on this ring, thought of as
an R-module. The derivations are of course linear over R and by definition
obey the Leibniz property

ξ̄(zm+m′) = ξ̄(zm)zm
′
+ zmξ̄(zm

′
).

Here, m,m′ ∈M and we have used the notation we introduced in the previous
note. On multiplying the above by z−m−m

′
throughout, we have the following

condition for log derivations

ξ̄(zm+m′)z−m−m
′
= ξ̄(zm)z−m + ξ̄(zm

′
)z−m

′
.

In other words, the log derivations are essentially Z-linear maps from M
to C[M ] ⊗̂C R and the space thereof Θ(C[M ] ⊗̂C R) may be identified with
(C[M ] ⊗̂C R) ⊗Z M

?, where M? is dual to M . If a ∈ C[M ] ⊗̂C R and
n ∈ M?, then we denote the ordinary derivation associated with the log
derivation identified with a⊗Z n as a∂n. Its action on C[M ] ⊗̂CR is given by
zm 7→ a〈m,n〉zm.

We now focus our attention on log derivations of the form (zm⊗Cr)⊗Zn :=
zmr⊗Z n, where 〈m,n〉 = 0 and r ∈ mR (the reason for the second condition
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shall become evident in the next section). The associated ordinary derivation
is zmr∂n. The commutator of two such derivations is

[zmr∂n, z
m′r′∂n′ ] = rr′(zm(∂nz

m′)∂n′ − zm
′
(∂n′z

m)∂n)

= rr′zm+m′(〈m′, n〉∂n′ − 〈m,n′〉∂n)

= rr′zm+m′(∂〈m′,n〉n′−〈m,n′〉n).

If r, r′ ∈ mR, then so is rr′. Furthermore we have

〈m+m′, 〈m′, n〉n′ − 〈m,n′〉n〉 = 〈m′, n〉〈m+m′, n′〉 − 〈m,n′〉〈m+m′, n〉
= 〈m′, n〉〈m,n′〉 − 〈m,n′〉〈m′, n〉
= 0,

where we have used 〈m,n〉 = 〈m′, n′〉 = 0 for the second equality. In other
words, the submodule h′R ⊂ Θ(C[M ] ⊗̂C R) given by

h′R =
⊕
m∈M

zmmR ⊗Z m
⊥

is closed under the Lie bracket induced by the commutator of the ordinary
derivations. Here m⊥ is the set of all n ∈ M? such that 〈m,n〉 = 0. In
two dimensions, all dual lattice points in m⊥ are related by scaling when-
ever m 6= 0. In particular, this means that if n ∈ m⊥ and n′ ∈ m′⊥, then
〈m′, n〉n′ − 〈m,n′〉n = 0 whenever m = m′ 6= 0 (because then n and n′ are
related by a scale factor which can be pulled out). So, we can leave out the
m = 0 summand in h′R and still have a closed Lie algebra hR. We can then
apply an exponential map (via the associated ordinary derivations) to obtain
a Lie group HR. This is called the tropical vertex group.

The tropical vertex group HR happens to be a subgroup of the group of
symplectomorphisms preserving the symplectic form ω given by

ω =
dx

x
∧ dy

y
.

To see that that HR preserves ω, we take the Lie derivative of ω along a
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derivation ξ̄ = zmr∂n where r ∈ mR and 〈m,n〉 = 0.

Lξ̄ω = d(ιξ̄ω) + ιξ̄(dω)

= d(x−1y−1(ξ̄(x) dy − ξ̄(y) dx))

= r d(xm1−1ym2−1(n1x dy − n2y dx))

= rxm1−1ym2−1(m1n1 +m2n2) dx ∧ dy

= 0.

Here mi, ni are integers such that zm = xm1ym2 and 〈mi, nj〉 = δij, so that
〈m,n〉 = m1n1 + m2n2 = 0. We see that the Lie algebra action of hR on ω
annihilates it, from which it follows that the group HR preserves it.

2 Scattering diagrams

A scattering diagram D consists of rays and lines d that pass through at
least two (and therefore infinitely many) lattice points in M . In particular,
we require the initial point of a ray to be a lattice point. The rays and lines
are furthermore equipped with an additional datum, namely a “crossing”
automorphism θd ∈ HR that is the exponential of a single term of the form
rzm∂n for each ray/line d, where r ∈ mR, m gives the direction parallel to
d, n ∈ m⊥ is primitive, and the sign of n is chosen so that its contraction
with a vector pointing in the direction along which the ray/line is crossed is
positive. This automorphism θd may be represented in terms of a function

fd ∈ C[m2] ⊗C R, such that θd(z
m′) = zm

′
f
〈m′,n〉
d . In addition to all this, we

also require that for any given value of k, there are only finitely many d such
that fd 6≡ 1 (mod mk

R).

To see that fd is indeed well-defined, first note that if 〈m,n〉 = 0, then
multiplication by zm commutes with ∂n. So, the exponential exp(rzm∂n)
becomes

exp(rzm∂n) = id +
∞∑
l=1

(rzm∂n)l

l!

= id +
∞∑
l=1

rlzml∂ln
l!

.
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Its action on zm
′

is therefore given by

exp(rzm∂n)zm
′
= zm

′
+
∞∑
l=1

rlzml∂lnz
m′

l!

= zm
′

(
1 +

∞∑
l=1

rlzml〈m′, n〉l

l!

)
= zm

′
erz

m〈m′,n〉l

= zm
′
f
〈m′,n〉l
d ,

where we have set fd := erz
m

. Note that this tells us fd ≡ 1 (mod zmmR) in
addition to fd ∈ C[m2]⊗C R.

We consider a loop embedded in MR := M ⊗Z R, so that it intersects
the rays and lines transversally and away from the singularities i.e. initial
points of rays and transversal intersections among the rays and lines. As
we travel along the loop and encounter rays and lines, we keep composing
the automorphisms along them (the direction in which we traverse matters;
reversing the direction replaces an automorphism by its inverse). As a result,
to every loop γ, we can assign an automorphism θγ,D formed by composing
the individual automorphisms along the rays and lines in the order they are
traversed. In case two rays/lines intersect nontransversally, then the asso-
ciated automorphisms necessarily commute, so there is no ambiguity in the
ordering.

The automorphisms θγ,D are in general not the identity. In particular,
looping around initial points of rays or around transversal intersections of
lines/rays gives automorphisms different from identity. The objective of the
scattering construction is to take a given scattering diagram and add (pos-
sibly infinitely many) rays to it so that we obtain a diagram S(D) such that
θγ,S(D) is the identity automorphism for every loop γ. That this construction
is always possible was proved by Kontsevich and Soibelman. The proof is in
fact constructive and we sketch it here.

Instead of directly specifying the extra rays to be added, which may be
infinitely many, we proceed order by order. That is to say, we only try to
obtain a diagram Dk for which θγ,Dk

≡ id (mod mk+1
R ). If we can show that
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this is possible for every k, then we can let S(D) be the union of all the
finite-order diagrams and be done. We proceed inductively.

Assume we have already constructed Dk−1. It is enough to consider
only a subdiagram D′k−1 which consists of only those d ∈ Dk−1 such that
fd 6≡ 1 (mod mk+1

R ). A large loop may be thought of as being formed from
smaller loops, and so it suffices to look at small loops around the singulari-
ties, since nonidentity automorphisms around these these are what effectively
contribute to the nonidentity automorphism of the large loop. Let p be one
of the finitely many singularities of D′k−1 (finiteness follows from definition
of scattering diagrams), and let γp be a loop that surrounds only p. By the
induction hypothesis, θγp,D′k−1

≡ θγp,Dk−1
≡ id (mod mk

R), which implies that
it must be of the form

θγp,D′k−1
= exp

(
s∑
l=0

r(l)zm
(l)

∂n(l)

)
,

where 〈m(l), n(l)〉 = 0 and r(l) ∈ mk
R. (Note that the (l) superscript is just a

label and not an exponent; we didn’t opt for a subscript to avoid confusion
with the components of a lattice point m.) We introduce s new rays with

initial point p, directions m(l), and associated functions fd = 1 ± r(l)zm
(l)

,
with sign chosen so that the automorphisms confronted by γp in the direc-

tion of traversal is exp(−r(l)zm
(l)
∂n(l)). Moreover, since r(l) ∈ mk

R and all
elements of hR carry an mR factor, the commutator of the derivations asso-
ciated with (automorphisms along) these new rays with any other derivation
corresponding to elements in hR is going to carry an mk+1

R factor. This means
that modulo mk+1

R , the derivations associated with the automorphisms along
these new rays commute with everything else and in particular one another.
It follows that the composition of the automorphisms along them is

s∏
l=1

exp
(
−r(l)zm

(l)

∂n(l)

)
≡ exp

(
−

s∑
l=1

r(l)zm
(l)

∂n(l)

)
(mod mk+1

R ),

which cancels out θγp,D′k−1
. Repeating this operation for all singularities of

D′k−1 and taking note of the fact that modulo mk+1
R , the derivations associated

with all the new rays commute with all other relevant derivations, we obtain
the required k-th order diagram Dk. This completes the proof.
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