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1 Toric varieties

Toric varieties are algebraic varieties which contain an algebraic torus, (C?)n

for the purposes of this note, as a Zariski open subset so that the group action
of (C?)n on itself extends to the full variety. In other words, a toric variety
is roughly an algebraic torus with some extra surfaces added in a natural
way. There are several ways in which these objects may be constructed. We
could consider a set A = {m1,m2, . . . ,ms} of s points in a lattice M ∼= Zn,
where each of the mi may be identified with an n-tuple (mi1,mi2, . . . ,min)
of integers in Zn. Next we consider a map φ : (C?)n → CPs given by

(z1, z2, . . . , zn) 7→ (zm11
1 zm12

2 · · · zm1n
n : zm21

2 zm22
2 · · · zm2n

n : · · · : zms1
1 zms2

2 · · · zmsn
n )

:= (zm1 : zm2 : · · · : zms)

where the last step introduces new notation. The Zariski closure of the image
of φ is a (projective) toric variety, with the torus action given by zi 7→ λizi,
where (λ1, λ2, . . . , λn) ∈ (C?)n. To see that this action extends to the full
variety explicitly, let ξj be elements of the dual lattice M? := Hom(M,Z)
such that 〈ξj,mi〉 = 0 for all i, j and

∑
j ξj = 0. Intuitively, these repre-

sent the affine integral relations satisfied by the mi. Note that the points
w := (w1 : w2 : · · · : ws) ∈ imφ satisfy wξj = 1 for all j, where we have used

the notation wξj := w
ξj1
1 w

ξj2
2 · · ·w

ξjn
n introduced above. Some of the ξja (for

any given j) are negative. We could however rearrange the equation wξj = 1
into a homogeneous polynomial relation (i.e. an equation with nonnegative
exponents, such that the sum of exponents is constant across all terms),
which we formally denote as wξj+ = w−ξj− , or equivalently, wξj+−w−ξj− = 0.
These then are the defining equations for the toric variety. Since the action
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zi 7→ λizi leaves the equations invariant, it induces an action on the toric
variety.

We next specialise to the case where A is a polytope. The convexity
properties of polytopes allow an alternate construction of the toric variety
associated to A that makes manifest much more information about the toric
variety.

Given a polytope in M , we may define a tangent cone at every face as
the smallest cone centred at the face which contains the polytope. We could
then define a dual cone in M? so that the dot product between an element
of the cone and an element of the dual cone is always non-negative. It is
not too hard to see that the duals of the tangent cones (let us call which the
cotangent cones) form a fan i.e. a collection of cones such that whenever a
cone is in the fan, all its faces are in it as well, and the intersection of two
cones in the fan also belong to the fan.

Unlike the lattice points in an entire lattice, which have a natural group
structure on them, the lattice points in a cone form only a (finitely generated
cancellative commutative) monoid (owing to the convexity of the cone). But
this is what a ring is under multiplication! Therefore by taking formal C-
linear combinations of the lattice points in a cone, we get a Noetherian ring
which is an integral domain, whose maximal ideals we can associate with the
points of a variety. (This is the spectrum of the ring.) We carry out this
construction for every tangent cone (not cotangent).

Now, the spectrum of the localisation of the ring at a point corresponds to
the Zariski open set that is the complement of the point. On top of this, if a
cotangent cone τ∨ is a face of a cotangent cone σ∨, then inclusion is reversed
for the tangent cones dual to them, and moreover the ring associated with τ
is a localisation of σ at the point in M that corresponds to the hyperplane in
M? whose intersection with σ∨ gives the face τ∨. Therefore, we see that there
is an affine variety for every maximal cone in the cotangent fan (also known
as the normal fan), and a Zariski open subset thereof for every codimension
1 face in the cotangent fan. So, whenever two maximal cones in the fan share
a face, the corresponding affine varieties are glued via a Zariski open set of
overlap. In other words, this construction provides an affine atlas for the
(projective) toric variety.
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2 Toric degenerations

A degeneration is a morphism of varieties π : Y → C such that π−1(t) is a
fixed variety X for t 6= 0 but another variety X0 6= X when t = 0. A degen-
eration is said to be toric when X0 is a toric variety or a fibred coproduct of
toric varieties in the category of schemes (which is the scheme-theoretic ana-
logue of unions with intersection in the category of sets). We are interested
in toric degenerations of toric varieties, which means Y is taken to be a toric
variety.

Consider an integral polyhedral complex with vertices in the lattice M ,
i.e. a convex collection of integral polytopes with vertices in M that are
pasted along their faces in some manner. Let it also be equipped with a
convex map ϕ that sends the (integral) vertices in the complex to integers.
The map can be extended to the interiors of the polytopes, which strictly
speaking lie in MR := M ⊗ R, by assumption of piecewise affine linearity.
Taking the Newton polytope associated with (the graph of) this map gives
us an unbounded polytope with vertices in M × Z ⊆MR × R.

As earlier, we consider the tangent cone at one of the vertices of the New-
ton polytope. The lattice points in this cone are all finitely generated, and
one of the generators can be taken to be parallel to the new R coordinate in
MR×R. Let us label the corresponding generator in the associated ring t. A
certain multiple of this “vertical” lattice generator may be expressed as a lin-
ear combination of other lattice generators. We stipulate that the coefficients
of these linear combinations are all 1 (this amounts to the integral condition
on the Newton polytope). In the associated ring, this becomes the statement
that the product of the other ring generators is equal to some power of t. So,
setting t = 0 amounts to setting this product equal to zero. In other words,
we quotient the ring associated to the cone by the product of these elements,
which has the effect of causing the toric variety associated with projection of
the Newton polytope in MR (which, by the way, is the general fibre, as can
be seen by localising at t) to split up as a fibred coproduct of toric varieties
associated with the polytopes in the polyhedral complex (fibred because they
share faces).

We shall now try to generalise this construction further so that X0 is al-
lowed have singularities as well. One of the reasons this is of interest is that
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any X0 that can be obtained by the above method will necessarily be rational,
and we would like to have examples of X0 which are not birationally equiv-
alent. To this end, we abandon the global identification we made between
MR and Rn so that the affine transition functions along the codimension 1
faces of the maximal cells in the polyhedral complex we considered above
are well-defined only locally near the vertices. This allows for the possibility
of singularities in the interiors which lie on a codimension 2 subspace of the
topological space underlying the polyhedral complex. The function ϕ would
have to be invariant under the monodromies associated with the singularities
in order for the Newton polytope to be well-defined.

Let us consider the tangent cone at a face of the Newton polytope that
projects onto one of the singularities in the polyhedral complex. Quotienting
out t gets rid of too much information, so in addition to the degeneration
X0, we consider an entire family of “thickenings” Xk, wherein we quotient
out tk+1 instead. (I am not very sure about this, but I am guessing that in-
tuition behind this idea has to do with how a Riemann surface winds around
ramification points multiple times before rejoining itself.)

Though thickenings allow us to extract strictly more information about
singular degenerations, the cocycle condition for transition functions between
affine charts on different toric pieces remain violated. As long as this is the
case, it will not be possible to find a consistent embedding of the k-th order
degeneration in some ambient affine or projective space.

As an illustration of this, consider a two-dimensional polytope that is the
convex hull of four points, let us denote whichW,X,Z, Y (in counterclockwise
order), and has a singularity in its interior with monodromy (x, y) 7→ (x, x+
y). This can be covered with two charts, one in which W,X,Z, Y are at
(0, 1), (−1, 0), (0, 0), (1, 0) and there is a cut from W to the singularity
which is somewhere on the y-axis, and one in which they are at (0, 1), (−1, 0),
(0, 0), (1, 1) and there is a cut from the singularity, still on the y-axis (note
that the x-coordinate is invariant under the monodromy), to X. Whichever
chart we consider, the resulting toric variety will be unique up to scheme
isomorphisms, but there is no consistent embedding in CP4. With respect to
the first chart, the defining equation for the variety is XY = Z2, while with
respect to the second chart, it is XY = WZ. The remedy is to introduce
walls running in the invariant direction (constant x-coordinate) through the
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singularity. These walls are equipped with wall-crossing automorphisms. For
the lower wall (below the singularity), the associated automorphism is given
by

X 7→ X(1 +W/Z), Y 7→ Y (1 +W/Z), W 7→ W, Z 7→ Z,

while for the upper wall (above the singularity), the associated automorphism
is given by

X 7→ X(1 + Z/W ), Y 7→ Y (1 + Z/W ), W 7→ W, Z 7→ Z.

We introduce theta functions ϑW , ϑX , ϑZ , ϑY associated to W,X,Z, Y respec-
tively, so that they encode the action of the wall-crossing automorphisms.
Furthermore, we stipulate that when we have to take the product of two of
these functions, we must first move them to the same point. Then we see
that in the first chart, we have

ϑXϑY = X(1 +W/Z)Y = Z2 +WZ = ϑ2
Z + ϑWϑZ ,

while in the second chart, we have

ϑXϑY = X(1 + Z/W )Y = WZ + Z2 = ϑWϑZ + ϑ2
Z .

The defining equations in terms of the theta functions now agree on both
charts and we have a consistent embedding in CP4. Note in particular that
the defining relation is a trinomial, and therefore doesn’t give a toric variety
(which can be characterised as being given by binomial relations).

This can be generalised to situations with more than one polytope in
the polyhedral complex and more than one singularity. Walls are introduced
along invariant directions, and in addition, corrections are made to the gluing
functions on the codimension 1 faces along which the polytopes are pasted.
Inconsistencies again arise when the walls associated with two different sin-
gularities intersect non-coincidentally. In such a case, we fix an order k and
introduce extra walls along non-invariant directions, along with slabs. Slabs
assign to pairs of codimension 1 faces and vertices contained in those faces,
corrections to gluing functions along those faces. It is necessary to introduce
the datum of vertices as well since walls intersect the codimension 1 faces
and the gluing function associated with such a face may differ on either side
of the wall. Note that the number of extra walls required increases with the
order k and can become arbitrarily high. This order-by-order introduction
of walls and slabs is called the scattering construction.
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